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GROUP—A
( Linear Algebra )
( Marks : 40 )

1. Answer the following as directed : 1x6=6

(a) Let W be a subset of the vector space
JR3(IR) defined by
W={xy z)|x y ze R and xX+2y+4z=4)
Is W a subspace? Justify.

(b) Show that each non-zero singleton set
{x} of a vector space is linearly
independent.

(¢ If M is the vector space of all mxn
matrices, determine dim M.
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(2)

(d) The product of all the eigenvalues of
a square matrix A is equal to

() O (ii) 1
! 1
(i) |A| () TAT
(Choose the correct answer)

{e) The matrix

i gty
sl )
satisfies the equation

() A2+5A+7I=0

(ii) A2 +5A-7I=0

(i) A2 “5A-7I1=0

(iv) A2-5A+7I=0

(Choose the correct answer)

(i State the condition for a system of
n equations in n unknowns to have

a unique solution.

2. Answer the following : 2x2=4

(a) Show that the union of two subspaces
of a vector space is not necessarily
a subspace of the vector space.

(b) Show that the matrices A and A’ have
the same eigenvalues.
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( 3)

3. Answer any one part : 10

(@ () Let U and W be subspaces of
a vector space V(F). Then show
that V=UBW &V =U+W and
Un W = {0}.

(i) Show that the vectors (1, 2, 5),
(2, 5, 1) and (1, 5, 2) are linearly
independent in the vector space

R3R).

(iii) If V is a finite dimensional vector
space and {v, Vs, -, Up} is a
linearly independent subset of V,
then prove that it can be extended
to form a basis of V. 4+2+4=10

(b) () If W, and W, are subspaces of
a finite dimensional vector space
V(F), then show that
dim (W, + W) =dim W} +dim W,, -
dim (W; n W,)
(ii) Define basis of a vector space.
Determine whether or not the

vectors (1, 1, 2); (1! 2) 5): (5) 3, 4)
form a basis of the vector space

3
R (R). 5+5=10
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4. Answer any two parts :

(@)

(b)

()

(4)

Define rank and nullity of a linear
transformation T from a vector space
V(F) to a vector space W(F). Find rank
and nullity of the linear transformation
T:R® 5> R? defined by

Sx2=10

Ty z)=(x+y+2z2x+2y+22z) 1+4=5

Let T be a linear operator on a vector
space V(F) and rank T2 = rank 7. Then
show that range T n ker T = {0}.

Let T:R3 -R? be a linear mapping
defined by

T(x y, z) = (3x+2y —45 x-Sy +32)
Find the matrix A representing T relative

to the bases B = {(1, 1: 1}) (]-, 1 0)7 [1: 0, 0)}
of R3R) and B’ ={(1, 3), (2, 5)} of R*(R).

5. Answer any one part :

(@)

A15—1700/359

(i) Find the eigenvalues and the
corresponding eigenvectors of the

matrix
A 5 4
_[1 2

10
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(S)

(ii) State the Cayley-Hamilton theorem.
Verify it for the matrix

0" 0" 1
A=| 3 10
-2 1 4
Hence find A~ 4+6=10
(b) () Let :
1 10 2900
& 001 001

Show that A and B have different
characteristic polynomials but have
the same minimal polynomial.

(ii) Show that the system of equations
3x+y+z=28
—x+y—2z=-5
2x+2y+2z=12
2x+2y—-3z=-7 -

is consistent and hence solve

them. 5+5=10
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(6)

GROUP—B
( Vector )
( Marks : 40 )

6. Answer the following as directed : 1x4=4
(@ Evaluate (7-i)i +({F- j)j+ (- Rk.
(b). Write the value of div(Vdx Vy).

(¢ If ¢ is a continuously differentiable
scalar point function, the value of
curl grad ¢ is

i 1

(i) -1

(i) o

(iv) None of the above

" (Choose the correct answer)

(d) If Cis a closed curve, find § T -dr.
C

7. Answer the following : 2x3=6
(a) Prove the identity
ax[ax@xb) =@ abxa)
(b) Find div curl F, if F = x2yi + xz] +2yzk.
(c) Interpret the relations
> dr dr

r-— =0 and ?x—r—=6
dt dt
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(7))

8. Answer any one part : 10
(a@) (i) Prove that
- 7 5 > 5 o 2
(@xb):(c xd)+(b xc)-(axd)+
@xa)-(bxd)=0
(ii) Prove that Vz(%] =0, where
T =xi+yj+zk.
(iii) If
Ji = xyzi +xz2 ] - y°k
and
B=x3 -xyz_}'+x2zI€
calculate
24 924
dy? x>
at the point (1, 1, 3). 3+4+3=10
(b) (1) Prove that
b+32+aa+hb|=2[db7]
Hence show that a, 3, ¢ are
coplanar, iff 3+3, _c'+Ez’, 3+g are
coplanar.
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(8)

(i) Prove that

curl (fE} =grad f xl? + f (curl E‘))

where f is a scalar point function.

(iii) Find the unit normal vector to the
surface x2y+2xz=4 at the point

(22!

9. Answer any two parts :

(@

(b)

(c)

4+3+3=10

S5x2=10

% .
If 3, b, o are three vectors, then prove

that
R A
R
@bél2=|b-a b-b b-c
5> = =2 7 2o
c-a ¢c-b c-c S
Prove that
— 5 7t
curl(a’xb):(b'v)a'[a'v)b-"
ddivb -bdivg 5
Show that
o> 7
[ Pl ) e dl
dt* 2
where C is an arbitrary constant vector.
If ?[t) =5t27 +tj- t3k, then prove that
2 I ) A
L?(?xfigjdt=—14i+75j-15k
dt 2+3=5
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(9)

10. Answer any one part : : 10

fa) (i} Evaluate f{2x+ y)dV, where V is
v

a closed region bounded by the
cylinder z=4 - x? and the planes
x=0,y=0, y=2 and z=0.

(ii) Verify Green’s theorem in the plane
for

§c? - xy®) dx + (Y - 2xy) dy
C

where C is the square with vertices
(0, 0), (2, 0), (2, 2) and (0O, 2).
| 5+5=10
(b) () Find the work done in moving
a particle once around a circle C in
the xy-plane, if the circle has centre
at the region and radius 2 and,

if the force field F is given by
F =(2x-y+22)§+(x+y—z)}+
Bx-2y-5z)k
(ii) State Gauss’ divergence theorem.

= A
Using it, evaluate IIF-n, where
S

F=xi-yj+z2 -1k and S is the
cylinder formed by the surfaces

z=0, z=1, x2 '+y2 =4, 5+5=10

* kK
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